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AN OVERTWISTED DISK IN A VIRTUAL CONTACT STRUCTURE
AND THE WEINSTEIN CONJECTURE
YOUNGJIN BAE
Abstract. Hofer proved in [Hof] the Weinstein conjecture for a closed contact 3-manifold with
an overtwisted disk. In this article we extend it to the virtual contact structure and provide a
new explicit example of the virtual contact structure with an overtwisted disk via a Lutz twist.
1. Introduction
A virtual contact structure which naturally appear in the study of magnetic flows is a gen-
eralization of a contact structure. Dynamical properties of a virtual contact structure including
stability, displaceability, periodic orbits, and leaf-wise intersections are studied in the literatures
[Pat, Me1, CFP, Me2, BF, Ba1], when the virtual contact structure arises as an energy hypersur-
face of a twisted cotangent bundle. In this article we focus on the topological aspect of a virtual
contact structure.
Definition 1.1. A Hamiltonian structure on an oriented (2n + 1)-dimensional manifold M is a
closed 2-form ω of maximal rank, i.e. ωn vanishes nowhere. So
kerωx := {v ∈ TxM | ιvωx = 0}
gives an 1-dimensional foliation on M . By using the orientation on M , we orient kerω and choose
a non-vanishing vector field Xω on M such that RXω = kerω.
Definition 1.2. A Hamiltonian structure (M,ω) is called virtual contact if there exists a covering
p : M̂ →M and a primitive λ ∈ Ω1(M̂) of p∗ω satisfying the following conditions:
‖λ‖C0 ≤ C <∞, inf
x∈M̂
λ(x)(X̂(x)) ≥  > 0 (1.1)
for some C,  ∈ R. Here X̂ is the lift of X and ‖ · ‖C0-norm is given by the lifted metric m̂ := p∗m
on M̂ where m is a Riemannian metric on M .
A virtual contact structure (p : M̂ → M,ω, λ) on a smooth manifold M is called smooth if all
higher covariant derivatives∇lYλ are exist and uniformly bounded. Here Y is l-pairs of G-invariant
smooth vector fields and ∇ is a G-invariant connection on M̂ , where G is the deck-transformation
group of the covering p : M̂ →M .
One of the main question in contact geometry is (the intrinsic version of) the Weinstein con-
jecture [Wei] which says that every closed contact manifold (Q, ζ) has a closed orbit for any Reeb
vector field. Indeed, we need a contact 1-form α for ζ, i.e. kerα = ζ, to define the Reeb vector
field Xα which satisfies
dα(Xα,−) = 0, α(Xα) = 1.
We also have a Hamiltonian structure (Q, dα) and the vector field Xdα in Definition 1.1 turns out
to be a rescaling of Xα.
The Weinstein conjecture was first proved by Hofer in [Hof] for a closed contact 3-manifold
M with an overtwisted disk or with pi2(M) 6= 0 or M = S3. Later, Taubes [Tau] proved the
conjecture for any closed contact 3-manifold, see also [Hut]. There are several extensions of the
conjecture including the strong Weinstein conjecture in [ACH, GZ] and the Weinstein conjecture
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for the stable Hamiltonian structure in [HT]. The following question is raised by G. Paternain as
another generalization of the Weinstein conjecture in the virtual contact structure.
Question 1.3. Let (p : M̂ → M,ω, λ) be a virtual contact structure on a closed manifold M .
Does Xω admit a periodic orbit?
There is a fundamental dichotomy of contact topology on 3-manifolds, tight and overtwisted.
In order to state the result we need to extend these concepts to 3-dimensional virtual contact
structures.
Definition 1.4. An embedded disk F in a contact 3-manifold (Q, ζ) is an overtwisted disk if
T∂F ⊂ ζ|∂F and TF ∩ ζ|F defines a smooth 1-dimensional characteristic foliation on F except
a unique elliptic singular point e ∈ intF with TeF = ζe. A virtual contact structure (p : M̂ →
M,ω, λ) is called overtwisted if (M̂, kerλ) contains an overtwisted disk.
Let us briefly mention Hofer’s argument of deriving a contractible periodic orbit from an over-
twisted disk. By the filling method he constructed a family of pseudoholomorphic disks, a Bishop
family, in the symplectization of a closed contact 3-manifold. The overtwisted disk guarantees a
gradient exploding sequence in the Bishop family and by the rescaling argument we obtain a finite
energy plane. The failure of the finite energy plane to be a sphere produce a periodic orbit as we
desired. By extending the above argument we obtain the following result:
Main Theorem. Let (p : M̂ →M,ω, λ) be a virtual contact structure on a closed 3-manifold M .
If (p : M̂ →M,ω, λ) is smooth and overtwisted then Xω has a contractible periodic orbit.
Hofer’s argument was initiated from the Eliashberg’s filling technique in [Eli] which induces an
obstruction to symplectic fillings. A similar question about symplectic filling is possible in the
virtual contact structure. We can also expect a higher dimensional generalization of the main
theorem as achieved in [AlH, NR].
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2. An almost complex structures on a virtual contact structure
Let (p : M̂ → M,ω, λ) be a virtual contact structure on a (2n + 1)-dimensional Riemannian
manifold (M,m), then λ ∈ Ω1(M̂) is a contact form on M̂ , i.e. λ∧ dλn > 0. Let us denote Xλ by
the Reeb vector field for the contact 1-form λ
dλ(Xλ,−) = 0, λ(Xλ) = 1.
By the virtual contact condition (1.1) there are positive constants ′, C ′ such that ′ ≤ |Xλ|m̂ ≤ C ′.
Note that Xλ is a rescaling of the vector field X̂ in Definition 1.2. Associated to the virtual contact
structure, we have the following canonical decomposition:
TM̂ = (ker ω̂,Xλ)⊕ (ξ := kerλ, ω̂). (2.1)
Here ker ω̂ is a line bundle with the section Xλ and (kerλ, ω̂) is a symplectic bundle on M̂ .
Now we choose an almost complex structure J : ξ → ξ such that
m̂x(piλk1, piλk2) = dλx(piλk1, J(x)piλk2), (2.2)
where k1, k2 ∈ TxM̂ , piλ : TM̂ → ξ be the fibrewise projection map along the Reeb direction Xλ.
Let J˜ be the associated almost complex structure on R× M̂ defined by
J˜(a, u)(h, k) := (−λ(u)k, J(u)piλk + h ·Xλ(u)). (2.3)
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Now define a corresponding Riemannian metric on R× M̂ by
mλ((h1, k1), (h2, k2)) := h1h2 + λ(k1)λ(k2) + m̂(piλk1, piλk2). (2.4)
Remark 2.1. Suppose that the deck transformation group G is finite, then by averaging λ we
obtain a 1-form
λ =
1
|G|
∑
g∈G
g∗λ
on M̂ . Since λ is G-invariant, it descends to a 1-form λ ∈ Ω1(M) such that λ = p∗λ and dλ = ω. So
λ becomes a contact 1-form on M and hence the dynamics of a contact manifold (M,λ) determines
the dynamics of the virtual contact structure (p : M̂ →M,ω, λ).
From now on we mainly consider the case that |G| is infinite1, i.e. M̂ is noncompact, and λ is
not G-invariant. In such a case, G does not preserve Xλ, ξ and hence J , J˜ , mλ are not preserved
by the G-action, while ω̂ and RXλ = ker ω̂ are G-invariant.
By virtue of the relation (2.2), J and J˜ behave well under the G-action even though they are
not G-invariant, see (4.12) in the proof of Lemma 4.5. If we require only the almost complex
structure J on ξ to be dλ-compatible instead of (2.2), then we cannot control the limit behavior
of J and J˜ on the unbounded region of M̂ .
3. A Bishop family from an overtwisted disk
In this section we introduce a Bishop family in the virtual contact structure and recall its
known properties from [Hof, AH, HWZ]. In this section we provide a gradient exploding sequence
of pseudoholomorphic disks from an overtwisted disk. All constructions, theorems, and lemmas in
this section are direct consequences of the ones in the above references, so we omit the proof here.
Let (p : M̂ → M,ω, λ) be a virtual contact structure on a smooth 3-manifold M and F ⊂
M̂ be an overtwisted disk with the elliptic singular point e ∈ intF . We consider a family of
pseudoholomorphic disks u˜τ = (aτ , uτ ) : D = {z ∈ C | |z| ≤ 1} → R× M̂, τ ∈ [0, τ0)
∂su˜τ + J˜(u˜τ )∂tu˜τ = 0 (3.1)
satisfying the following conditions:
(1) u˜0 ≡ (0, e);
(2) u˜τ (∂D) ⊂ {0} × (intF \ {e}) for all τ ∈ (0, τ0);
(3)
⋃
0≤τ<τ0 uτ (∂D) is an open neighborhood of e in F ;
(4) u˜τ (D) ∩ u˜ρ(D) = ∅ if τ 6= ρ;
(5) u˜τ is an embedding for τ ∈ (0, τ0) and uτ (∂D) winds once around e.
Such a family of pseudo-holomorphic disks B exists and we call B a Bishop family. We state
the implicit function theorem near an embedded pseudoholomorphic disk as follows:
Theorem 3.1 ([Hof]). Let (p : M̂ →M,ω, λ) be a 3-dimensional virtual contact structure with an
overtwisted disk F ⊂ M̂ . Moreover, let u˜0 be a pseudohomolophic disk in (R×M̂, J˜) satisfying the
condition (2), (5) of the Bishop family. Then there exists a smooth embedding U : (−, )× D→
R× M̂ such that with u˜(τ)(z) := U(τ, z) we have
u˜(τ)(z) ∈ F for all z ∈ ∂D;
∂¯J u˜(τ) = 0 for all τ ∈ (−, );
u˜(0) = u˜0.
Moreover, the associated disk family τ 7→ u˜(τ)(D) is unique up to parametrization of D.2
1More precisely, we consider a non-amenable group which means that there is no averaging operation on bounded
functions, see [CFP] for the details.
2 In the original statement, (R× M̂, {0} × F ) can be generalized to an almost complex manifold with a totally
real submanifold. Here the condition (2) of the Bishop family guarantees the totally real boundary condition. Then
the condition (5) should be replaced by the Maslov index condition, µ(u˜0) = 2.
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If B = (u˜τ )τ∈[0,τ0) is a Bishop family and (φτ : D → D)τ∈[0,τ0) is a τ -parametrized family
of conformal maps then (u˜τ ◦ φτ )τ∈[0,τ0) is also a Bishop family. In order to fix a parametriza-
tion3 of u˜τ (D), let us first parametrize the leaves of the characteristic foliation, in Definition 1.4,
approaching the singular point e by (lα)α∈S1 and require
uτ (1) ∈ l1, uτ (i) ∈ li, uτ (−1) ∈ l−1. (3.2)
Moreover, this normalization condition (3.2) prohibits the existence of a gradient explosion se-
quence on the boundary as follows:
Theorem 3.2 ([HWZ]). Let (p : M̂ → M,ω, λ) be a 3-dimensional virtual contact structure
with an overtwisted disk F ⊂ M̂ . Let B = (u˜τ )τ∈[0,τ0) be a Bishop family with the normalization
condition (3.2) as in the above. Then there exists  > 0 such that on the annulus A = {z ∈
D | 1−  ≤ |z| ≤ 1} we have
sup
0≤τ<τ0
sup
z∈A
|∇u˜τ (z)| <∞.
Remark 3.3. Even though Theorem 3.2 is proved only for closed contact 3-manifolds, it is still
valid for the non-compact case. Suppose that there is a gradient exploding sequence (u˜k, zk) such
that zk converges to ∂D. Then uk(zk) should converges to a point in F and so it cannot escape
to the unbounded region of M̂ . The non-compactness of M̂ causes no additional difficulties in the
proof of Theorem 3.2.
The following observation is crucial when we produce a gradient explosion sequence from a
given normalized Bishop family.4
Lemma 3.4 ([Hof]). Let (p : M̂ →M,ω, λ) be a 3-dimensional virtual contact structure with an
overtwisted disk F ⊂ M̂ . Let B be a Bishop family and take an embedded disk u˜τ = (aτ , uτ ) ∈ B.
Then uτ |∂D : ∂D→ F is transversal to the foliation TF ∩ ξ|F on F .
By the definition of the overtwisted disk F , Definition 1.4, the boundary T∂F is contained in
the foliation TF ∩ ξ|F on F . So Lemma 3.4 informs us that uτ (∂D) cannot meet ∂F . Since our
Bishop family B = (u˜τ )τ∈[0,τ0) emanated from the singular point e ∈ intF , uτ (∂D) never touch ∂F
nor escape it. In other words, e ∈ intF enables us to create B, while ∂F gives us an obstruction
to extend B.
We may assume that B = (u˜τ )τ∈[0,τ0) is a maximal Bishop family with the normalization
condition without loss of generality. Suppose that ‖∇u˜τ‖C0(D) is τ -uniformly bounded, then by
the elliptic estimate of a pseudoholomorphic disk we have a τ -uniform C∞-bound. The uniform
gradient bound guarantees that the image u˜τ (D) is also uniformly bounded in R × M̂ . We then
conclude by the Arzela`-Ascoli theorem for every sequence τk → τ0 there is a C∞-convergent
subsequence of u˜τk . By the implicit function theorem, Theorem 3.1, we extend our Bishop family
further. But this contradicts the maximality of our initial Bishop family B. This proves the
following result.
Theorem 3.5 ([AH]). Let (p : M̂ →M,ω, λ) be a 3-dimensional virtual contact structure with an
overtwisted disk F ⊂ M̂ . Let B = (u˜τ )0≤τ<τ0 be a normalized maximal Bishop family on R × M̂
which emerges from F . Then we have
sup
τ∈[0,τ0)
‖∇u˜τ‖C0(D) =∞.
4. Existence of a finite energy plane
The gradient explosion in the previous section will guarantee the existence of a finite energy
plane by the rescaling argument. The non-compactness of R and M̂ causes analytical difficulties in
3Since the group of biholomorphic maps on D is 3-dimensional, it suffices to fix 3 boundary points.
4Lemma 3.4 is also essential in the proof of Theorem 3.2. By this lemma uτ |∂D hits each leaf of the parametrized
leaves (lα)α∈S1 exactly once.
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the rescaling process. It is already studied that the escape phenomenon of the gradient exploding
disks in R-direction. In this section we mainly discuss the analytical issue from M̂ -direction.
For a J˜-holomorphic map u˜ = (a, u) : D→ R× M̂
∂su˜+ J˜(u˜)∂tu˜ = 0, (4.1)
we define an energy E(u˜) by
E(u˜) := sup
ϕ∈Σ
∫
D
u˜∗d(ϕλ), (4.2)
where Σ = {ϕ ∈ C∞(R, [0, 1]) |ϕ′ ≥ 0}. Recall that (4.1) is equivalent to
piλ∂su+ J(u)piλ∂tu = 0
u∗λ ◦ i = da
and we remark that the integrand in (4.2) is nonnegative. By a simple computation we check that
u˜∗d(ϕλ) =
1
2
ϕ′(a) [a2s + a
2
t + (λ(u)us)
2 + (λ(u)ut)
2]︸ ︷︷ ︸
=:
ds ∧ dt
+
1
2
ϕ(a) [|piλus|2 + |piλut|2]︸ ︷︷ ︸
=:?
ds ∧ dt ≥ 0.
(4.3)
Note that the Reeb direction of du contributes to -term, while ?-term comes from the contact
plane part. By the boundary condition of the Bishop family we have the following uniform energy
bound.
Lemma 4.1 ([Hof]). Let F be an overtwisted disk as above and let u˜ be a solution of (4.1)
satisfying the boundary condition in the definition of the Bishop family. Then there exists a
constant C = C(λ, F ) > 0 so that
E(u˜) ≤ C.
Especially C does not depend on u˜.
Before stating the existence of a finite energy plane we introduce the following helpful lemma,
so called Hofer’s lemma, which will be used to find a suitable sequence in the rescaling argument.
Lemma 4.2 ([Hof]). Let (W,m) be a complete metric space and R : W → [0,∞) a continuous
function. Assume x0 ∈ W and 0 > 0 are given. Then there exist x ∈ B20(x0) and  ∈ (0, 0]
satisfying
R(x0)0 ≤ R(x) ;
R(y) ≤ 2R(x) for y ∈ B(x).
Theorem 4.3. Let M be a closed 3-manifold equipped with a smooth virtual contact structure
(p : M̂ →M,ω, λ) and an overtwisted disk F ⊂ M̂ . Let B = (u˜τ )0≤τ<τ0 be a normalized maximal
Bishop family on (R × M̂, J˜) which emerges from F . Morover we have supτ∈[0,τ0) ‖∇u˜τ‖ = ∞.
Then there exist an almost complex structure J˜∞ on R× M̂ and a non-constant J˜∞-holomorphic
map v˜∞ = (b∞, v∞) : C→ R× M̂ with finite energy.5
Proof. Since supτ∈[0,τ0) ‖∇u˜τ‖ = ∞, we choose a sequence (u˜k)k∈N from our Bishop family B
satisfying
lim
k→∞
‖∇u˜k‖ =∞.
We pick a sequence (zk)k∈N in D so that Rk := |∇u˜k(zk)| → ∞ as k →∞.
If the image of the sequence (uk(zk))k∈N is bounded in M̂ then we are able to directly apply
the Hofer’s argument to guarantee the existence of a finite energy plane. However, there is no
a priori reason that (uk(zk))k∈N is contained in a bounded region. To remedy this situation we
will use the compactness of M via the projection p : M̂ → M . If we consider the sequence
uk(zk) := p ◦ uk(zk) ∈ M then it has a convergent subsequence on M , we still denote uk, zk. Let
5Here the energy is given by the contact form λ∞ in (4.15).
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us fix a fundamental domain M ⊂ M̂ with respect to the deck-transformation on M̂ . Now we
choose a sequence of deck-transformations gk ∈ G such that each g−1k ◦ uk(zk) is contained in the
fixed fundamental domain M .
In order to rescale the gradient explosion, take a sequence k → 0 so that Rkk → ∞. Using
Lemma 4.2, by slightly changing zk and k, we may assume in addition that |∇u˜k(z)| ≤ 2Rk for
all z ∈ D with |z − zk| ≤ k. We define a sequence of maps v˜k : BRk(−Rkzk)→ R× M̂ by
v˜k(z) := (bk, vk)
:=
(
ak(zk +
z
Rk
)− ak(zk), g−1k ◦ uk(zk +
z
Rk
)
)
,
(4.4)
so that
bk(0) = 0, vk(0) ∈M (4.5)
and
|∇v˜k(0)| = 1.
Note that a sequence of domains
Bk := BRk(−Rkzk) ∩BkRk(0) (4.6)
satisfies
⋃
k∈NB
k = C,6 and we have a uniform gradient bound
|∇v˜k(z)| ≤ 2 for z ∈ Bk. (4.7)
Now we consider a sequence of restrictions (v˜k|B1)k∈N. The conditions (4.5), (4.7) imply that
the image v˜k(B
1) is uniformly bounded in R × M̂ . By applying the Arzela`-Ascoli theorem we
have a subsequence, again denote v˜k|B1 , and a continuous map v˜1 : B1 → R × M̂ such that
v˜k|B1 converges uniformly to v˜1. Recall from Remark 2.1 that the almost complex structure J˜ on
R× M̂ is not invariant under the G-action, and hence g−1k u˜k := (ak, g−1k ◦ uk), v˜k, and v˜1 cannot
be J˜-holomorphic. So we need to find new almost complex structures which make v˜k, v˜
1 to be
pseudo-holomorphic.
First choose a compact subset E1 ⊂ M̂ containing ⋃k vk(B1(0)). Let us define a sequence of
almost complex structures (J˜k)k∈N on R× M̂ by
J˜k(a, u)(h, l) := dg
−1
k [J˜(a, gku)(h, dgkl)],
then g−1k u˜k becomes J˜k-holomorphic and so does v˜k. In order to understand the sequence of
almost complex structures (J˜k)k∈N and their limits we consider the following sequences
λk := g
∗
kλ, ξk := kerλk, Xk := (g
−1
k )∗X
λ, Jk := J˜k|ξ.
because of the construction of J˜ , (2.2) and (2.3). More precisely, we have
λk(x)v = λ(gkx)dgkv;
ξk(x) = {dg−1k w |w ∈ ξ(gkx)};
Xk(x) = dg
−1
k X
λ(gkx);
Jk(x)v = dg
−1
k [J(gkx)dgkv],
(4.8)
where x ∈ M̂ and v ∈ TxM̂ . Note that Xk is a Reeb vector field of λk and Jk is an almost complex
structure on ξk.
For convenience, we choose a smooth coframe field {ρ1, ρ2, ρ3} of the closed 3-manifold M .7
Then its lift {ρ̂1, ρ̂2, ρ̂3} gives an induced coframe on M̂ . There are coefficient functions c1, c2, c3 ∈
C∞(M̂) for λ ∈ Ω1(M̂) satisfying
λ = c1ρ̂1 + c2ρ̂2 + c3ρ̂3.
6Here we use Theorem 3.2. If the sequence (zk)k∈N converges to ∂D, then ∪k∈NBk could be an upper half plane.
7Here we use that the tangent bundle TQ of any closed 3-manifold Q is trivial.
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By the smooth condition for the virtual contact structure in Definition 1.2 and the compactness
of M , all higher directional derivatives ∇lYci, i = 1, 2, 3 are exist and uniformly bounded. Here Y
is again l-pairs of G-invariant smooth vector fields. Note that the following simple observation
∇lY(ci ◦ gk)(x) = ∇ldgk(Y)ci(gk(x)) = ∇lYci(gk(x))
holds for x ∈ M̂ , gk ∈ G, and i = 1, 2, 3. So all higher directional derivatives of ci ◦ gk are also
exist and uniformly bounded. Now we apply the Arzela`-Ascoli theorem to the sequence of 1-forms
λk|E1 =
3∑
i=1
(ci ◦ gk)ρ̂i|E1 ,
in order to obtain a subsequence, still denote λk, which converges to λ
1 ∈ Ω1(E1) in C∞.
Lemma 4.4. The limit 1-form λ1 is a contact 1-form on intE1.
Proof. Since λ is a contact 1-form on M̂ , λk = g
∗
kλ satisfies
λk ∧ dλk > 0 on intE1
for each k ∈ N. As a limit of λk, however, λ1 may degenerate and could satisfy λ1 ∧ dλ1 ≥ 0
so it is needed to exclude the case λ1 ∧ dλ1 = 0. Suppose that there is x ∈ intE1 such that
λ1(x)∧dλ1(x) = 0. By the construction of λ1, its exterior derivative dλk|E1 also converges to dλ1.
Thus we have
dλk|E1 = dg∗kλ|E1 = g∗kdλ|E1 = g∗kω̂|E1 = ω̂|E1 −→ dλ1,
which implies λ1(x) ∧ ω̂(x) = 0. Let us recall the decomposition TxM̂ ∼= RX̂(x) ⊕ kerλ(x) from
(2.1) where X̂(x) is defined in Definition 1.2 which generates ker ω̂(x) and G-invariant. So we
deduce
0 = ιX̂(x)(λ
1(x) ∧ ω̂(x))
= λ1(x)(X̂(x)) · ω̂(x) + λ1(x) ∧ ιX̂(x)ω̂(x)
= λ1(x)(X̂(x)) · ω̂(x).
Since ω̂(x) 6= 0 on kerλ(x), we deduce λ1(x)(X̂(x)) = 0. From the definition of λ1, λi we obtain
0 = λ1(x)(X̂(x))
= lim
k→∞
λk(x)(X̂(x))
= lim
k→∞
(g∗kλ)(x)(X̂(x))
= lim
k→∞
λ(gkx)(dgk(X̂x))
= lim
k→∞
λ(gkx)(X̂(gkx)),
where the last equality comes from that X̂ is G-invariant. But this cannot be possible because of
the virtual contact condition in Definition 1.2
inf
x∈M̂
λ(x)(X̂(x)) ≥  > 0.

By this contact 1-form λ1 we can construct the corresponding contact structure ξ1 := kerλ1,
the Reeb vector field X1 for λ1 on E1 with the decomposition TE1 = RX1⊕ξ1 and the projection
pi1 : TE1 → ξ1. By the same construction we define the almost complex structures J1, J˜1 on
ξ1, T (R× E1) by satisfying
m̂x(pi
1k1, pi
1k2) = ω̂x(pi
1k1, J
1(x)pi1k2),
J˜1(a, u)(h, k) = (−λ1(u)k, J1(u)pi1k + h ·X1(u)).
(4.9)
Note here that the vector field X1 is different from Xλ|E1 but both vector fields generate ker ω̂|E1 .
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Lemma 4.5. As in the above setting, λk|E1 C
∞
−→ λ1 implies J˜k|E1 C
∞
−→ J˜1.
Proof. Let us define µk := λk|E1 − λ1 ∈ Ω1(E1) which converges to 0 in C∞ and recall that Xk
the Reeb vector field of λk. Since dλk|E1 = ω̂|E1 = dλ1, we infer RXk = ker ω̂ = RX1 and hence
Xk|E1 is a rescaling vector field of X1. More precisely,
Xk|E1 = 1
1 + µk(X1)
X1.
Here X1 is a bounded smooth vector field on E1 and hence Xk|E1 also C∞-converges to X1. Note
that pik : TE
1 → ξk|E1 is equal to 1lTE1 − λk(−)Xk and pi1 = 1lTE1 − λ1(−)X1. Since
λk|E1 C
∞
−→ λ1, Xk|E1 C
∞
−→ X1, (4.10)
pik|E1 converges to pi1 in C∞. Now consider a sequence of metrics
(
m̂(pik−, pik−)
)
k∈N on ξk then
we subsequently have
m̂(pik−, pik−)
C∞−→ m̂(pi1−, pi1−) (4.11)
as symmetric bilinear forms on E1.
We now define a metric mk on ξk by
(mk)x(pikh, pikl) := ω̂x(pikh, Jk(x)pikl),
where J˜k is the almost complex structure in (4.8). For h, l ∈ TE1 we then have
(mk)x(pikh, pikl) = ω̂x(pikh, Jk(x)pikl)
= ω̂x(pikh, dg
−1
k J(gk(x))dgkpikl)
= (g∗kω̂)x(pikh, dg
−1
k J(gk(x))dgkpikl)
= ω̂gk(x)(dgkpikh, J(gk(x))dgkpikl)
= m̂gk(x)(dgkpikh, dgkpikl)
= (g∗km̂)x(pikh, pikl)
= m̂x(pikh, pikl).
(4.12)
Here the 3rd and the last equality come from the G-invariance of ω̂, m̂ respectively.8 By combining
(4.9), (4.11), (4.12) we deduce
ω̂(pik−, Jkpik−)
C∞−→ ω̂(pi1−, J1pi1−)
as 2-forms on E1 and hence
Jk ◦ pik|E1 C
∞
−→ J1 ◦ pi1 (4.13)
as (1, 1)-forms on E1.
Now we are ready to compare the almost complex structures J˜k|E1 and J˜1
J˜k(a, u)(h, l) = (−λk(u)l, Jk(u)pikl + h ·Xk(u)),
J˜1(a, u)(h, l) = (−λ1(u)l, J1(u)pi1l + h ·X1(u))
(4.14)
where (a, u) ∈ R × E1, (h, l) ∈ T(a,u)(R × E1). By (4.10), (4.13) and (4.14) we finally conclude
that J˜k|E1 converges to J˜1 in C∞-topology. 
Up to now, we have a sequence of triples (vk1 |B1 , λk1 |E1 , J˜k1 |R×E1)k1∈N and (v1, λ1, J˜1) with
the following convergence:
vk1 |B1 C
0
−→ v1, λk1 |E1 C
∞
−→ λ1, J˜k1 |R×E1 C
∞
−→ J˜1.
Let us recall the sequence of bounded domains Bn = BRn(−Rnzn)∩BnRn(0) from (4.6) satisfying⋃
n∈NB
n = C and consider a sequence of compact subsets En ⊂ M̂ satisfying
8Suppose that our metric m̂ is not G-invariant then limk→∞ g∗km̂ may not be a metric anymore. Moreover, in
such a case, we can not define J1 as in (4.9).
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• En ⊂ En+1 for all n ∈ N;
• ⋃k∈N vk(Bn) ⊂ En for all n ∈ N;
• ⋃n∈NEn = M̂ .
Now we apply the Arzela`-Ascoli theorem to the triple (vk1 , λk1 , J˜k1)k1∈N inductively. For n ≥ 2,
we pick a subsequence9 kn of kn−1 such that there exists a continuous map vn : Bn → R × En
with
vkn(j)|Bn C
0
−→ vn as j →∞.
By the same argument as in Lemma 4.4, 4.5 we obtain a contact form λn ∈ Ω1(En) and an almost
complex structure J˜n on R× En satisfying
λkn(j)|En C
∞
−→ λn, J˜kn(j)|R×En C
∞
−→ J˜n as j →∞.
As a consequence of the above construction, we have
v˜n+1|Bn = v˜n, λn+1|En = λn, J˜n+1|R×En = J˜n for all n ∈ N.
Especially note that λn determines J˜n as in (4.9) and vn is J˜n-holomorphic for all n ∈ N.
We now consider the diagonal sequence of triples (v˜kj(j)|Bj , λkj(j)|Ej , J˜kj(j)|R×Ej )j∈N, then we
obtain a continuous map v˜∞ : C→ R× M̂ , a contact form λ∞ ∈ Ω1(M̂) and an almost complex
structure J˜∞ on R× M̂ satisfying
v˜kj(j)|Bj
C0loc−→ v˜∞, λkj(j)|Ej
C∞loc−→ λ∞, J˜kj(j)|R×Ej
C∞loc−→ J˜∞ as j →∞. (4.15)
and
v˜∞|Bn = v˜n, λ∞|En = λn, J˜∞|R×En = J˜n for all n ∈ N.
Moreover, the limit 1-form λ∞ defines a new virtual contact structure as follows:
Lemma 4.6. As in the above setting. Let (p : M̂ → M,ω, λ) be a smooth virtual contact
structure, then so is (p : M̂ →M,ω, λ∞).
Proof. Since λk converges to λ
∞ in C∞loc, its exterior derivative dλk also converges to dλ
∞. This
implies that λ∞ is again a primitive of ω̂. By the construction of λ∞ there is a sequence (gi)i∈N of
deck transformations which satisfies the following estimate for any x ∈ M̂ , any l ∈ N, and l-pairs
of G-invariant smooth vector fields Y = (Y1, Y2, . . . , Yl):
|∇lYλ∞(x)|m̂ = max|v|m̂=1 limi→∞ |∇
l
Yg
∗
i λ(x)v|
= max
|v|m̂=1
lim
i→∞
|g∗i∇lgiYλ(x)v|
= max
|v|m̂=1
lim
i→∞
|∇lgiYλ(gix)dgiv|
= max
|v|m̂=1
lim
i→∞
|∇lgiYλ(gix)v|
= lim
i→∞
|∇lgiYλ(gix)|m̂
≤ sup
x∈M̂
|∇lYλ(x)|m̂
≤ C,
(4.16)
where giY = (dgiY1, dgiY2, . . . , dgiYl). Here the 2nd, 4th, and 6th (in)equality come from the G-
invariance of ∇, m̂, and Y respectively and the last inequality is induced by the smooth condition
9Here taking a subsequence is equivalent to choose an increasing and unbounded function sn : N→ N satisfying
kn = kn−1 ◦ sn : N→ N. Note that k1 : N→ N is the identity map.
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in Definition 1.2. By the similar argument as in Lemma 4.4 we have
λ∞(x)(X̂(x)) = lim
i→∞
g∗i λ(x)(X̂(x))
= lim
i→∞
λ(gix)(dgi(X̂x))
= lim
i→∞
λ(gix)(X̂(gix))
≥ inf
x∈M̂
λ(x)(X̂(x))
≥ .
(4.17)
The above two estimates (4.16), (4.17) show that the virtual contact structure (p : M̂ →M,ω, λ∞)
is smooth. 
Therefore we have a continuous J˜∞-holomorphic map v˜∞ : C→ R×M̂ . The C0loc-convergence of
v˜kk |Bk to v˜∞ can be improved to C∞loc-convergence by applying the elliptic bootstrapping argument,
see [MS, Theorem B.4.2]. Finally we have a smooth J˜∞-holomorphic plane
v˜∞ = (b∞, v∞) : C→ R× M̂
which is non-constant in view of |∇v˜∞(0)| = 1.
Now it remains to show the finiteness of the energy
E(v˜∞) = sup
ϕ∈Σ
∫
C
v˜∞∗d(ϕλ∞),
where Σ = {ϕ ∈ C∞(R, [0, 1]) |ϕ′ ≥ 0}. For any compact set K ⊂ C there is j ∈ N sufficiently
large so that K ⊂ Bj . Then we have
sup
ϕ∈Σ
∫
K
v˜∗j d(ϕλj) ≤ sup
ϕ∈Σ
∫
Bj
v˜∗j d(ϕλj)
≤ sup
ϕ∈Σ
∫
D
u˜∗jd(ϕλ)
= E(u˜j).
Let j → ∞ so that v˜j , λj converge to v˜∞, λ∞ in C∞loc and take the supremum over all compact
set K ⊂ C then we obtain
E(v˜∞) ≤ lim
j→∞
E(u˜j) ≤ C,
where the constant C comes from Lemma 4.1.

5. From a finite energy plane to a periodic orbit
We will use the following notations for simplicity:
α := λ∞, ζ := ξ∞, piα := pi∞, I := J∞, I˜ := J˜∞, b := b∞, v := v∞, v˜ := v˜∞.
Lemma 4.6 says that (p : M̂ →M,ω, α) is a smooth virtual contact structure with the decompo-
sition TM̂ = RX̂ ⊕ ζ, the projection piα : TM̂ → ζ along the Reeb direction X̂, and the almost
complex structures I, I˜ on ζ, R × M̂ . Moreover, Theorem 4.3 implies that v˜ : C → R × M̂ is a
non-constant I˜-holomorphic plane with finite energy. In other words, v˜ = (b, v) is a solution of
piα∂sv + I(v)piα∂tv = 0
(v∗α) ◦ i = db, (5.1)
and
0 < E(v˜) = sup
ϕ∈Σ
∫
C
v˜∗d(ϕα) <∞,
where Σ = {ϕ ∈ C∞(R, [0, 1]) |ϕ′ ≥ 0}. Note here that M is compact and hence the projection
v := p ◦ v : C→M has a compact image, while v(C) maybe non-compact.
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The main aim of this section is to find a periodic orbit from the above finite energy plane.
Theorem 5.1. Let (p : M̂ →M,ω, α) be a smooth virtual contact structure and v˜ = (b, v) : C→
R× M̂ be a solution of (5.1) satisfying
0 < E(v˜) <∞,
∫
C
v∗dα > 0
then for every sequence Rk →∞ there exists a subsequence (Rk′)k′∈N such that the C∞-limit
x(t) := lim
k′→∞
v(Rk′e
2piit)
exists and its projection x(t) = p ◦ x(t) defines a non-constant closed periodic solution of
x˙(t) = X(x(t))
where X is a non-vanishing vector field generating kerω.
Proposition 5.2 ([Hof]). Let v˜ = (b, v) : C→ R× M̂ solves (5.1) with finite energy. If∫
C
v∗dα = 0, (5.2)
then v˜ is constant.
Remark 5.3. The assumption (5.2) implies that the energy from the contact plane, like ?-term
in (4.3), vanishes and then b : C→ R becomes a harmonic function because of the I-holomorphic
equation (5.1). Indeed, b can be regarded as a real part of the holomorphic function Ψ := b+ iβ :
C→ C where β : C→ R is a primitive of v∗α ∈ Ω1(C). Now suppose that v˜ is non-constant then
so is b. Essentially, Liouville’s theorem for Ψ implies that the energy E(v˜) is infinite. This is a
contradiction. The above argument is still valid when M̂ is non-compact and we omit the detailed
proof.
Let φ : R× S1 → C \ {0} be a holomorphic map defined by
φ(s, t) = e2pi(s+it),
where S1 = R/Z. For the later purpose we consider a I˜-holomorphic cylinder instead of a plane.
So we define
v˜φ := (bφ, vφ) := (b, v) ◦ φ : R× S1 → R× M̂ (5.3)
then we have
∂sv˜φ + I˜(v˜φ)∂tv˜φ = 0;∫
R×S1
v∗φdα > 0;
0 < E(v˜φ) = sup
ϕ∈Σ
∫
R×S1
v˜∗φd(ϕα) <∞,
(5.4)
where Σ is as before.
Proposition 5.4. Let v˜φ be a solution of (5.4), then there exists some constant l > 0 such that
|∇v˜φ(s, t)| ≤ l
for all (s, t) ∈ R× S1.
Proof. Let ρ : C → R × S1 : (s + it) 7→ (s, e2piit) be a 1-periodic map in the S1-coordinate and
let us define
v˜ρ := (bρ, vρ) := (bφ, vφ) ◦ ρ : C→ R× M̂.
So it is equivalent to show that |∇v˜ρ(s, t)| is bounded. Suppose that there is a sequence zk ∈ C
such that
Rk := |∇v˜ρ(zk)| → ∞.
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Note that Re(zk) →∞ since the gradient is bounded on Re(zk) ≤ 0. By applying Lemma 4.2 to
positive real sequences (Rk)k∈N, (k)k∈N with
k → 0, kRk →∞,
we additionally assume that
|∇v˜ρ(z)| ≤ 2Rk for z ∈ Bk(zk) ⊂ C. (5.5)
The sequence (vρ(zk))k∈N may escape to the unbounded region of M̂ . So we pick a sequence of
deck-transformations (fk)k∈N in G so that
f−1k ◦ vρ(zk) ∈M
whereM is a fixed fundamental domain in M̂ with respect toG. Now we define µ˜k : BRk(−Rkzk)→
R× M̂ by
µ˜k(z) := (βk(z), µk(z))
:=
(
bρ(
z
Rk
+ zk)− bρ(zk), f−1k ◦ vρ(
z
Rk
+ zk)
)
.
(5.6)
We also define a sequence of contact forms αk := f
∗
kα and a sequence of almost complex structures
I˜k(a, u)(r, l) := df
−1
k [I˜(a, fku)(r, dfkl)].
By the similar argument as in Theorem 4.3, there are a suitable subsequence (k′)k′∈N, a smooth
map µ˜′ : C→ R× M̂ , a contact form α′ ∈ Ω1(M̂) and an almost complex structure I˜ ′ on R× M̂
satisfying
µ˜k′
C∞loc−→ µ˜′, αk′ C
∞
loc−→ α′, I˜k′ C
∞
loc−→ I˜ ′.
Moreover, the limit contact form α′ determines the limit almost complex structure I˜ ′ as in Lemma
4.5 and µ˜′ is I˜ ′-holomorphic, i.e.
∂sµ˜
′ + I˜ ′(µ˜′)∂tµ˜′ = 0.
From (5.6), (5.5) we deduce
|∇µ˜′(0)| = 1, |∇µ˜′(z)| ≤ 2 for z ∈ C.
With a sequence of functions ϕk(s) := ϕ(s− b(zk)) in Σ, we estimate∫
BkRk (0)
µ˜∗kd(ϕαk) =
∫
Bk (zk)
v˜∗ρd(ϕkα) ≤
∫
R×[0,1]
v˜∗ρd(ϕkα) ≤ E(v˜φ) <∞.
Replace k with k′ and let k′ →∞ then we deduce
E(µ˜′) ≤ E(v˜φ) <∞.
We know
T :=
∫
R×S1
v∗φdα =
∫
R×S1
v˜∗φd(ϕ0α) ≤ E(v˜φ) <∞ (5.7)
where ϕ0 ≡ 1. If q :=
∫
C µ
′∗dα′ is positive, then there is a subsequence l such that
q
2
≤
∫
BlRl (0)
µ∗l dαl =
∫
Bl (zl)
v∗dα,
l ≤ 12 , and Bl(zl) are disjoint. So we obtain a following contradiction
∞ =
∑
l
q
2
≤
∑
l
∫
Bl (zl)
v∗ρdα ≤
∫
R×S1
v∗φdα <∞.
Consequently we have a non-constant I˜ ′-holomorphic map µ˜′ : C → R × M̂ with a finite energy
and
∫
C µ
′∗dα′ = 0. By Proposition 5.2 such a map µ˜′ cannot be possible. Therefore |∇v˜φ(s, t)| is
uniformly bounded. 
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Proof of Theorem 5.1. Let v˜φ = (bφ, vφ) : R × S1 → R × M̂ be the map from the previous
proposition satisfying (5.4). We pick a sequence of real numbers (sk)k∈N with limk→∞ sk = ∞
and note that vφ(sk, 0) ∈ M̂ may escape to the unbounded region as k → ∞. For the fixed
fundamental region M ⊂ M̂ , we choose a sequence of deck-transformations (hk)k∈N so that
h−1k ◦ vφ(sk, 0) ∈M.
Now we define a sequence of cylinder maps w˜k := (ck, wk) : R× S1 → R× M̂ by
w˜k(s, t) :=
(
bφ(s+ sk, t)− bφ(sk, 0), h−1k ◦ vφ(s+ sk, t)
)
.
Let us also define a corresponding sequence of contact forms αk := h
∗
kα and a sequence of almost
complex structures
I˜k(a, u)(r, l) := dh
−1
k [I˜(a, hku)(r, dhkl)].
By the similar procedure as in Theorem 4.3 and Proposition 5.4 we choose a suitable subsequence
(k′)k′∈N so that there exist a smooth map
w˜ = (c, w) : R× S1 → R× M̂,
a contact form α∞ ∈ Ω1(M̂), and an almost complex structure I˜∞ on R× M̂ satisfying
w˜k′
C∞loc−→ w˜, αk′ C
∞
loc−→ α∞, I˜k′ C
∞
loc−→ I˜∞. (5.8)
In addition, the contact form α∞ governs the almost complex structure I˜∞ in the view of Lemma
4.5 and w˜ is an I˜∞-holomorphic cylinder, i.e.
∂sw˜ + I˜
∞(w˜)∂tw˜ = 0 on R× S1. (5.9)
Moreover, Proposition 5.4 implies
|∇w˜(s, t)| ≤ l for (s, t) ∈ R× S1.
From (5.7) we know T =
∫
R×S1 v
∗
φdα <∞ and hence for every R > 0 we have∫
[−R,R]×S1
w∗kdαk =
∫
[−R+sk,R+sk]×S1
v∗φdα −→ 0
as k →∞. Thus we obtain ∫
R×S1
w∗dα∞ = 0. (5.10)
We know by the construction of v˜φ = (bφ, vφ) in (5.3) that vφ(s, t) converges to some point in
M̂ as s→ −∞. Then for any s0 ∈ R∫
{s0}×S1
w∗kαk =
∫
(−∞,s0]×S1
w∗kdαk =
∫
(−∞,s0+sk]×S1
v∗φdα
converges to T =
∫
R×S1 v
∗dα > 0 as k →∞. Replace k with k′ and passing to the limit k′ →∞
we obtain ∫
{s0}×S1
w∗α∞ =
∫
R×S1
v∗φdα = T > 0. (5.11)
Now we consider an I˜∞-holomorphic map w˜ρ := (cρ, wρ) := (c, w) ◦ ρ : C→ R× M̂ satisfying
pi∞α ∂swρ + I
∞(wρ)∂twρ = 0
w∗ρα
∞ ◦ i = dcρ. (5.12)
Here pi∞α : TM̂ → kerα∞ be the projection along the Reeb direction and I∞ = I˜∞|kerα∞ . By the
same argument as in Remark 5.3 we deduce from (5.10) that w∗dα∞ = 0 and hence w∗ρα
∞ ∈ Ω1(C)
is exact. We introduce a primitive q : C→ R of w∗ρα∞ so that
Φ := cρ + iq : C→ C
is holomorphic. Moreover, w∗dα∞ = 0 implies that
pi∞α ◦ dwρ(z) : C→ kerα∞(wρ(z))
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is the zero map for all z ∈ C.
Suppose that Φ is constant or cρ is constant. Then we have
w∗ρα
∞ ◦ i = dcρ = 0
which means that ∂swρ, ∂twρ have no Reeb direction component. Since pi
∞
α ◦ dwρ is also zero, wρ
must be a constant map. But this contradicts∫
{s0}×S1
w∗ρα
∞ = T > 0
and we conclude Φ is non-constant. The gradient of Φ is bounded because of
sup
C
|∇Φ| = 2 sup
C
|∇cρ| ≤ 2 sup
C
|∇w˜ρ| = 2 sup
C
|∇w˜| <∞.
As a consequence, Φ should be an affine non-constant holomorphic map, i.e.
Φ(z) = lz +m
where l,m ∈ C, l = l1 + i l2 6= 0, m = m1 + im2. Then
cρ(z) = cρ(s, t) = l1s− l2t+m1 = l1s+m1
since cρ is 1-periodic in t. Let X
α
∞ be a Reeb vector field for the contact form α
∞ then we have
∂swρ = pi
∞
α ∂swρ + α
∞(∂swρ)Xα∞(wρ)
= α∞(∂swρ)Xα∞(wρ)
= −∂tcρXα∞(wρ)
= 0
and
∂twρ = pi
∞
α ∂twρ + α
∞(∂twρ)Xα∞(wρ)
= α∞(∂twρ)Xα∞(wρ)
= ∂scρX
α
∞(wρ)
= l1X
α
∞(wρ).
Here we use w∗ρα
∞ ◦ i = dcρ in (5.12) for the 3rd equations. Since wρ is 1-periodic in the t-
coordinate, we finally obtain a non-constant closed orbit x(t) := w(s0, l
−1
1 t) of the Reeb vector
field Xα∞ which generate ker ω̂. Consequently a reparameterization of x(t) = p ◦ x(t) gives us a
non-constant contractible periodic orbit of the vector field Xω on M which generates kerω. 
Proof of Main Theorem. By the overtwisted disk in M̂ and Theorem 3.5 we have a normalized
maximal Bishop family (u˜τ )0≤τ<τ0 on R× M̂ with
sup
τ∈[0,τ0)
‖∇u˜τ‖C0(D) =∞.
From the rescaling argument with deck-transformation in the proof of Theorem 4.3 we construct
an almost complex structure J˜∞ as a limit and a finite energy J˜∞-holomorphic plane
v˜ = (b, v) : C→ R× M̂.
Finally Theorem 5.1 guarantees a contractible periodic orbit for the vector field Xω in Definition
1.1 by considering the projection of the limit
x(t) = lim
Rk→∞
v(Rke
2piit).

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Figure 1. schematic picture for the main theorem
6. Examples of a virtual contact structure
The well-known example of a virtual contact structure is an energy hypersurface of a twisted
cotangent bundle above the Man˜e´ critical value, as mentioned in the introduction.
Example 6.1. On the cotangent bundle τ : T ∗N → N of a closed manifold N we define au-
tonomous Hamiltonian systems given by a convex Hamiltonian
H(q, p) =
1
2
|p|2 + U(q)
with a twisted symplectic form
ωσ = dp ∧ dq + τ∗σ.
Here dp∧ dq is the canonical symplectic form on T ∗N , |p| denote the dual norm of a Riemannian
metric g on N , U : N → R is a smooth potential, and σ is a closed 2-form on N . When the
pullback pi∗σ to the cover pi : N̂ → N is exact, the Man˜e´ critical value is defined as
c = c(g, σ, U, pi) := inf
θ
sup
q∈N̂
Ĥ(q, θq),
where the infimum is taken over all θ ∈ Ω1(N̂) satisfying dθ = pi∗σ and Ĥ is the lift of H to N̂ .
Then Σk := H
−1(k), k > c admits a virtual contact structure(
pi : pi−1(Σk)→ Σk, ωσ, pi∗(p ∧ dq) + θ0
)
for some primitive θ0 of pi
∗σ, see [CFP, Lemma 5.1] for the detail.
Other example is given by the mapping torus construction.
Example 6.2. Let (L, ωL) be a closed symplectic manifold and assume that ωL admits a bounded
primitive on the universal cover p : L˜→ L. Now take a Hamiltonian diffeomorphism ϕ on (L, ωL)
and consider the induced mapping torus
Lϕ :=
L× [0, 1]
(l, 0) ∼ (ϕ(l), 1) .
Then we can endow Lϕ with a virtual contact structure, see [Ba2, Remark 3.4] for the construction.
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In the remaining section we construct a virtual contact structure with an overtwisted disk.
Example 6.3. Let Σ be a closed surface of genus g ≥ 2 then Σ can be represented by D/G with
the universal covering map pΣ : D→ Σ. Here D = {x+ iy ∈ C |x2 + y2 < 1} is the Poincare´ disk
with the Poincare´ metric
ds2 =
dx2 + dy2
(1− x2 − y2)2
and G is a discrete group of isometry of D. Let ωΣ be a volume form on Σ we then may assume
p∗ΣωΣ =
2dx ∧ dy
(1− x2 − y2)2 =
2rdr ∧ dϕ
(1− r2)2 ,
where (r, ϕ) are the polar coordinates for C. Now consider M = S1 × Σ with the covering
p : S1 × D→M and the projection piΣ : M → Σ which fit into the following diagram:
S1 × D p //
pi

M
piΣ

D
pΣ // Σ
The Hamiltonian structure (M,ωM := pi
∗
ΣωΣ) admits a virtual contact structure by choosing a
covering map p : S1 × D→M and a primitive
α = dt+
xdy − ydx
1− x2 − y2 = dt+
r2dϕ
1− r2
of ω := p∗ωM where t is the coordinate for S1.10 Note here that ω ∈ Ω2(S1 × D) is G-invariant
but its primitive α ∈ Ω1(S1 × D) is not.
In order to do a Lutz twist on the virtual contact structure (M,ωM , α), we start with a small
constant δ ∈ (0, 13 ] satisfying g(Bδ(0)) ∩ Bδ(0) = ∅ for all g ∈ G. Next we choose  ∈ (0, δ10 ],
C = max{‖α‖∞, 1} and then consider C1-functions f1, f2 meeting the following conditions:
• f1(r) = −1, f2(r) = −r21−r2 for r ∈ [0, 2 );
• f1(r) = 1, f2(r) = r21−r2 for r ∈ (δ − 2 , δ];
• f2( δ2 ) = −4C, f ′2( δ2 ) = 0.
The followings are not essential but we require additional conditions for simplicity:
• f ′1, f ′2 are piece-wise linear on r ∈ [ 2 , δ − 2 ];• f ′1 is constant on r ∈ [, δ − ];
• f ′2 is constant on r ∈ [, δ2 − ] ∪ [ δ2 + , δ − ];• f ′1 is differentiable except at { 2 , , δ − , δ − 2};
• f ′2 is differentiable except at { 2 , , δ2 − , δ2 , δ2 + , δ − , δ − 2}.
Now we consider the 1-form
αLδ := f1(r)dt+ f2(r)dϕ (6.1)
on pi−1(Bδ(0)) and ηδ ∈ Ω1(S1 × D) which equals αLδ − α on pi−1(Bδ(0)) and vanishes elsewhere.
From the locally supported 1-form ηδ, we define a G-invariant 1-form η ∈ Ω1(S1 × D) by
η :=
∑
g∈G
g∗ηδ.
By the above construction there is a 1-form η on M such that p∗η = η. Since η is bounded, it
immediately follows that η is also bounded with respect to the product metric on S1 × D.
Proposition 6.4. As in the above setting, a triple (p : S1×D→M,ωL := ωM +dη, αL := α+η)
is a virtual contact structure equipped with an overtwisted disk.
10In Example 6.2, let (L, ωL) be a closed surface (Σ, ωΣ) of genus g ≥ 2 and take a Hamiltonian diffeomorphism
ϕ = id, then we have the above setting.
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Figure 2. graphs of f1(r), f2(r) and their differentials
Proof. We already know that αL is bounded with respect to G-invariant metric. Before checking
the non-vanishing condition, we first need to specify the non-vanishing vector field RL which
generates ker dαL. For convenience, let h : [δ − 2 , δ] → R be a positive function satisfying
h(δ − 2 ) = f ′2(δ − 2 ), h(δ) = 1. Then we may choose our Reeb-like vector field RL as follows:
RL = f ′2(

2
)∂t for r ∈ [0, 
2
];
RL = f ′2(r)∂t − f ′1(r)∂ϕ for r ∈ [

2
, δ − 
2
];
RL = h(r)∂t for r ∈ [δ − 
2
, δ];
RL = ∂t for x ∈ S1 ×
(
D \
⋃
g∈G
g(Bδ(0))
)
.
Recall that RL is G-invariant and hence RL on S1 × Bδ(0) determines RL on S1 × g(Bδ(0)) for
any g ∈ G.
Let us begin with the case x ∈ S1 × (D \ ⋃g∈G g(Bδ(0))). In this region there is no change
under the Lutz twist and g ∈ G acts trivially on ∂t, thus we have
αL(x)[RL(x)] = 1.
18 YOUNGJIN BAE
Next we consider the case r ∈ [0, 2 ) where αL = −dt − r
2
1−r2 dϕ and R
L = f ′2(

2 )∂t. For x ∈
S1 × (⋃g∈G g(B 2 (0))) we obtain
αL(x)[RL(x)] = −f ′2(

2
) > 0.
Now we move to the case r ∈ [δ − 2 , δ] where αL = dt + r
2
1−r2 dϕ and R
L = h(r)∂t. Let A =
{(r, ϕ) ∈ D | δ − 2 ≤ r ≤ δ} and x ∈ S1 ×
(⋃
g∈G g(A)
)
then
αL(x)[RL(x)] ≥ min
r∈[δ− 2 ,δ]
h(r) > 0.
It remains to verify the case r ∈ [ 2 , δ − 2 ] and we need the following preparation. Let g ∈ G
be a Mo¨bius transformation which acts on D and denote g(0) = z0. Then it is necessary to know
the lower bound of αL(RL) on pi−1 ◦ g(Bδ(0)). The following simple observation
αL(RL)|pi−1(z0) = αL(g∗RL)|g(pi−1(0)) = g∗αL(RL)|pi−1(0)
informs us that it suffices to investigate g∗αL(RL) on pi−1(Bδ(0)). Now we compare g∗αL with
αL as follows:
g∗αL(RL) = g∗(α+ η)(RL)
= (g∗α+ η)(RL)
= (g∗α− α+ αL)(RL).
(6.2)
Thus it is important to estimate (g∗α−α)(RL). Since G acts trivially on the t-coordinate, g∗α−α
has no dt-part and by the construction of C we know ‖α‖ ≤ C. For r ∈ [ 2 , δ − 2 ] we then have
|(g∗α− α)(RL)| ≤ ‖g∗α− α‖ · ‖f ′2(r)∂t − f ′1(r)∂ϕ‖
≤ 2Cf ′1(r)‖∂ϕ‖
≤ 2Cf ′1(r).
(6.3)
Here the last inequality comes from the following estimate:
‖∂ϕ‖ = ‖ − r sinϕ∂x + r cosϕ∂y‖
≤ ‖r∂x‖+ ‖r∂y‖
≤ 2r
1− r2
∣∣∣
r=δ− 2
≤ 1.
The point of the estimate (6.3) is that the last term does not depend on f ′2(r) and g ∈ G. By
combining (6.1), (6.2) and (6.3), we estimate
g∗αL(RL) ≥ αL(RL)− |(g∗α− α)(RL)|
≥ f1(r)f ′2(r)− f2(r)f ′1(r)− 2Cf ′1(r)︸ ︷︷ ︸
=:L(r)
,
for r ∈ [ 2 , δ − 2 ].
Case i : r ∈ [ 2 , ].
Recall that C ≥ 1, δ ∈ (0, 13 ],  ∈ (0, δ10 ]. By the choice of δ,  we estimate
f1(r) =
4
2δ − 32 (r −

2
)2 − 1 ≤ −7
8
;
f ′1(r) =
8
2δ − 32 (r −

2
) ≤ 5
2δ
(r − 
2
);
f ′2(r) ≤
−16C + 2δ
δ
(r − 
2
)− 
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and
L(r) > f1(r)f
′
2(r)− 2Cf ′1(r)
≥ −7
8
(−16C + 2δ
δ
(r − 
2
)− 
)
− 2C 5
2δ
(r − 
2
)
=
36C − 7δ
4δ
(r − 
2
) +
7
8

≥ 7
8
.
Case ii : r ∈ [, δ2 − ].
We have the following estimate
f1(r) =
4
2δ − 3 (r −
δ
2
);
f ′1(r) =
4
2δ − 3 ;
f2(r) ≤ −8C
δ
(r − );
f ′2(r) ≤ −
8C
δ
and
L(r) ≥ 4
2δ − 3 (r −
δ
2
)(−8C
δ
) +
8C
δ
(r − ) 4
2δ − 3 − 2C
4
2δ − 3
=
8C
2δ − 3 (1−
4
δ
)
≥ 8C
2δ − 3 ·
3
5
≥ 12C
5δ
.
Case iii : r ∈ [ δ2 − , δ2 + ].
We obtain
f1(r) =
4
2δ − 3 (r −
δ
2
);
f ′1(r) =
4
2δ − 3 ;
f2(r) ≤ −3C;
|f ′2(r)| ≤ |
8C
δ
(r − δ
2
)|
and
L(r) ≥ 4
2δ − 3 (r −
δ
2
) · 8C
δ
(r − δ
2
) + 3C
4
2δ − 3 − 2C
4
2δ − 3
=
4C
2δ − 3
(
8
δ
(r − δ
2
)2 + 1
)
≥ 4C
2δ − 3
≥ 2C
δ
.
The cases r ∈ [ δ2 + , δ − ], r ∈ [δ − , δ − 2 ] are similar to Case ii, Case i respectively.
Therefore we finally have infx∈S1×D αL(RL) > 0 which conclude that the triple (p : S1 × D →
M,ωL, αL) is a virtual contact structure. Moreover, pi−1(Bδ(0)) contains an overtwisted disk.
This proves the lemma. 
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In the above construction the 1-form αL and the vector field RL are not smooth. In fact f ′1, f
′
2
are not smooth on finite points and RL is also not smooth on the corresponding region. Now we
consider a sequence of C∞ functions (h1,n, h2,n)n∈N which converges to (f1, f2) in C1. Then by
the same construction as above we have a sequence of smooth 1-forms (λLn)n∈N and a sequence of
smooth vector fields (XLn )n∈N satisfying the property that λ
L
n(X
L
n ) converges uniformly to α
L(RL).
For sufficiently large n ∈ N we choose a smooth 1-form λL such that infx∈S1×D λL(XL) > 0. Again
by the construction, each derivative of λLn is determined by h1,n, h2,n. We may require that all
derivatives of h1,n, h2,n are uniformly bounded with respect to the Poincare´ metric, without loss
of generality. These conclude that (p : S1×D→M,ωL, λL) is a smooth virtual contact structure.
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